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Abstract 

The asynchronous systems are the models of the asynchronous cir- 
cuits from the digital electrical engineering and non-anticipation is one of 
the most important properties in systems theory. Our present purpose 
is to introduce several concepts of non-anticipation of the asynchronous 
systems. 

1 Introduction. Bibliography- Related Remarks 

The asynchronous systems are the mathematical models of the asynchronous 
circuits from the digital electrical engineering and our challenge is the construc- 
tion of an asynchronous systems theory. The insufficient bibliography that we 
have at disposal is probably influenced by the great importance of the topic 
(researchers do not publish) and it consists of: 

a) mathematical studies in switching theory from the 60's and we mention 
here the name of Grigore Moisil that used the discrete time modeling of the 
asynchronous circuits; 

b) engineering studies, which are always non-formalized and dedicated to 
applications. Such a literature creates intuition, but it does not give acceptable 
models or tools of investigation; 

c) mathematical literature that can produce analogies. 

The study of the asynchronous systems is closely connected to the notion 
of signal, meaning a 'nice' R — > {0, 1}™ function. In this context we mention 
the apparent total absence of the mathematicians' interest in the study of the 
R — > {0, 1} functions, that should be an interesting direction of investigation in 
temporal logic too. 

The paper is dedicated to non-anticipation, one of the most important prop- 
erties of the systems. We exemplify its use by showing how can be chosen as 
initial time, how the transfers of the systems are composed and how the asyn- 
chronous real time non-deterministic systems behave in certain circumstances 
in a synchronous discrete time deterministic way. 
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2 Preliminaries 



Definition 2.1 B = {0, 1} endowed with the laws —, U, ■, © is called the binary 
Boole algebra. 

Notation 2.2 Seq = {(tk)\tf- G H,k G N, to < t\ < t^ < ... unbounded from 
above}. 

Notation 2.3 The restriction of the function x : R — > B" at the interval I C R 
is denoted by x\j. 

Definition 2.4 The initial value x(— oo + O) G B™ and i/ie ,/inai value x{oo — 
0) S B" of x : R -> B™ are denned 6y 

3i E R, Vi < t , = x(-oo + 0), 

3t f e R, Vt > t f , x(t) = x(oo - 0). 

Notation 2.5 Denote by \a : R — > B the characteristic function of the set 

Acn. 

Definition 2.6 The function x : R — > B™ is called signal if (tk) G Se^ exists 
such that Vt € R, 

z(t) = z(-oo + 0) • X(_oo,to)(*) © ' X[to,ti)(*) © - © ' X[i fc ,t fc+1 )(*) © - 

We have used the same symbols •, © for the laws that are induced by those o/B. 
The set of the signals is denoted by and instead of we usually write S. 

Notation 2.7 P*(S^) = {X\X C S^ n \X ^ 0}. 

Definition 2.8 The left limit x(t — 0) and the left derivative Dx(t) of x G 
expressed like in Definition \2.6\ are defined by 

x(t - 0) = x(-oo + 0) • X(-oo,t ] (*) © *(*o) • X(to )tl ] (*) © - © x(t k ) ■ X(t h ,t k+1 ] (*)©••• 

Dx(t) =x(t-0)®x(t). 

Definition 2.9 A multi-valued function /:?/-> P*(S (n ^),U G P*(SW) is 
called (asynchronous) system. Any u G U is called (admissible) input and 
the functions x G f{u) are called (possible) states. 

Definition 2.10 I/Vit G U,f(u) has exactly one element, then f is called de- 
terministic and we use the notation f : U — > S^ n ' of the uni-valued functions. 

Definition 2.11 If g : V -> P*(S {ny ),V G P*(S {m) ) is a system, then any 
system f :U -> P*(S r( ")) ! C/ G P*(S'( m )) uw'tfi 

U C V and Vit G £/, /(«) C 

is called a subsystem of g and the notation is f C ,g. 
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Remark 2.12 The concept of system originates in the modeling of the asyn- 
chronous circuits. The multi-valued character of the cause-effect association is 
due to statistical fluctuations in the fabrication process, the variations in the 
ambiental temperature, the power supply etc. 

Sometimes the systems are given by equations and/ or inequalities. In this 
case, determinism means that their solution is unique. 

If the system g models a circuit, then the system f C g models the same 
circuit more precisely, by restricting the set of the inputs perhaps. 

3 The first concept of non-anticipation 

Definition 3.1 The system f : U -> P*(S^), U G P*(S^) is non- anticipatory 

if for all u G U and all x G f{u) it satisfies one of the following statements: 

a) x is constant; 

b) u,x are both variable and we have 

mm{t\u(t - 0) ^ u(t)} < min{i|a;(i - 0) ^ x(t)}, (1) 

i.e. the first input switch is prior to the first output switch. 

Remark 3.2 The non- anticipation means that the system f is in equilibrium, 
as represented by the existence of the time interval (— oo,to), where u and x 
are constant: Uu-oo,to) ~ u (to ~ 0) an< ^ x \(-oo,t ) = ^(^o — 0); then the only 
possibility to get out of this situation is the switch of the input. 

Moisil presumes implicitly in his works JTf, J^j that the models are non- 
anticipatory in the sense of Definition \3.1\ However his 'equilibrium', called 
'rest position', is defined in the presence of a 'network function' that does not 
exist here. 

Example 3.3 Any Boolean function F : B m — > B" defines for d > a system 
Fd : — > S™, called 'ideal combinational': 

Vw G S (m) yt G R,F d (u)(t) = F{u{t - d)) 

which is non- anticipatory. First, Vw G S 1 ^" 1 ' we have F e i(u) G indeed. 
Second, for any d,u,t , U|(_oo, tQ ) = u(t -0) implies F rf (u)| ( _ 00:to) = F d (u)(t - 
0) (we have in this situation u(to — 0) = u(—oo + 0) and i r ' t ;(u)(io — 0) = 
F d {u){-oo + 0)) and if u(t - 0)V u(*o), then F(u{t -d- 0)), F(u(t - d)) 
represent two values that may be equal or different. We infer that x = F d (u) 
fulfills one of a), b) from Definition \3.1\ 

Example 3.4 The system f : S — > S , 

Vu G S, f(u) = X[o,oo) 

is anticipatory. 
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Lemma 3.5 If g : V — ► P*(S^),V £ P*(S ,( ^ m ^) is a non- anticipatory sys- 
tem, then any system /:?/-> P*(S^),U £ P*(S( m )) u«#i f C g is non- 
anticipatory. 

Proof. Let be u £ J7. We have the following possibilities: 

i) it is constant. From Definition 13.11 we have that Vx £ g[u),x is constant, 
in particular Vx £ f(u),x is constant. Therefore, / is non-anticipatory; 

ii) u is variable. Let x £ /(it) be arbitrary. Then 

11.1) x is constant implies that / is non-anticipatory, by Definition 13. II a); 

11. 2) x is variable. As element of g(u),x satisfies ([1]) and, by Definition 13.11 
b), / is non- anticipatory. ■ 

4 Choosing as initial time instant 

Notation 4.1 Vd £ R, the function r d : R — > R is i/ie translation with d, thus 
for any x £ S^™-* we denote by x o r d the function 

Vt £ R, (lo^ff) = x(f - d). 

Definition 4.2 TTte system f is time invariant i/Vtf £ R, Vit £ U, 

uo T d eU, 

Vx £ f(u), X o T d £ /(u o r d ). 

Notation 4.3 FFe wse i/ie notation 

S { m} = {u\u £ S im) yt < 0, u(t) = u(-oo + 0)}. 
Theorem 4.4 We state the following properties relative to some system f : 

ttj Vit £ */,/(«) C S$ n) ; 
iiij Vd £ R, Vu £ f7, Vx, 

(x £ f(u) and u o r d £ f7) => x o r d £ /(it o r d ). 

a) The time-invariant non- anticipatory system f : U — > P*(S^- n '),U £ 
P*(£( m )) ls 5 iven. FFe de/?ne tte system / : 17 -> P*(S^) by 

U = {u\u eUD S { m) and f{u) n S^ n) ^ 0}, 

Vueu,f(u) = f(u)nsk n) . (2) 

T/ie system f fulfills i), ii), Hi) and is also non- anticipatory. 
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b) Let be the system /:£/—> P*{S^ n ') satisfying the properties i), ii), Hi) 
and non- anticipation. The system f : U -» P*(5^), C7 G P*(£( m )) denned 6 2/ 

[7 = {uoT d |d ER,u£ t/}, 

Vd eR,V«e UJ(uo T d ) = {xot<V G /(u)} 
zs iime invariant and non- anticipatory. 

Proof, a) We show that [7 n S^ m) ^ 0. Let be u £ U. We have the possibil- 
ities: 

1) u is constant. Then u G Sp , thus u G £7 H 5 m ^; 

2) u is variable. 

We denote d = min{i|u(< - 0) ^ u(t)}. If d > 0, then u G 5^ m) and u G 
[7 fl Sq are true. If d < 0, then for any d! > —d, uor d G U is true because £7 
is invariant to translations and u o r d G S^™ 1 ^ holds true also, making u o r d G 
£7 n true. 

We show that C/ ^ 0. We take some arbitrary u G £7nS m) . If /(u)n^ n) ^ 0, 
the property is true, otherwise let be some x G f(u). The fact that x £ Sq 
shows that it is variable and if we denote by d = miii{t\x(t — 0) 7^ x(t)}, we have 
d < 0. Remark that for all d! > -d, uo/ G U, uo T d ' G S^ m) , 10/ G /(110/) 
and x or d G S'q™' 1 take place. In other words uo r d G C7. 

This shows that / is well defined, in the sense that U 7^ and Vit G £7, / (it) 7^ 

0. Moreover, i) and ii) are obviously satisfied. 

We show now the truth of iii). We take d G R, u G U, x arbitrary with 

x G f(u) and u o r d E U true. We have the possibilities: 

j) x is constant. Then x o r d — x is constant and x o r d £ Sq] 

jj) x is variable. Because x G f{u), from the non-anticipation of / we have 

that u is variable and 

< mm{t\(u o T d ){t -0)^(tio T d )(t)} < min{t|(x o r d )(t - 0) ^ (a; o r d )(i)}, 

showing that x o r d G S^"" 1 . 

In both cases j), jj), x G /(u) has implied a; G /(u) and, furthermore, 
xor d G f(uor d ) from the time invariance of / and, eventually, xor d G f(uor d ) 

(=f(uoT d )ns { n) ). 

Because / C /, the non-anticipation of / is a consequence of Lemma 13.51 
b) We show that / is well defined in the sense that if d, d! G R and u,v £ U 
satisfy uor d = vor d , we get f(uor d ) = f(vor d ). Let be xoT d G f(uor d ). We 
infer that a; G /(u) and v = uoT d ~ d G U. From iii) we have that xor d ~ d G /(«), 

1. e. xor d — xor d ~ d or d G f(vor d ). We have obtained that f(uor d ) C f(vor d ) 
and the inverse inclusion is shown similarly. 

We show that £7 is invariant to translations. Let be v G £7. Then there are 
some d G R and u G U such that i> = u o r d . For an arbitrary <i' G R, as 
v o r d = u o r d+d , we infer v or d G £7. 
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We show that / is time invariant. Let be v G U and y € f(v), meaning the 
existence of u £ U and d G R with v — uor d . We get y G f(uor d ) = {xor d \x G 
/(it)}. In other words Eto, y = xor d and a; € /(w). We take an arbitrary rf'eR 
for which y o r d = x o r d+d , y o r d G {a; o r rf+d |ir G /(it)} = /(« ° T d+d ) = 

f{vOT d '). 

We show now that / is non-anticipatory. Let us take, like previously, v G U 
and y G f(v), for which there are u G ?7, x G /(it) and d G R such that v — uor d 
and y = x o r d . We have the possibilities: 

I) j/ is constant. Then / is non- anticipatory; 

II) y is variable. Then x G f{u) is variable and the hypothesis concerning 
the non-anticipation of / states that u is variable and 

mm{t\u(t - 0) / tt(i)} < min{i|x(t - 0) ^ x(t)}. 

We obtain 

min{t|u(i - 0) ± v{t)} = min{*|(it o T d ){t -0)^(«o r d )(i)} = 

= d + min{t|u(i- 0) ^ u(t)} < d + mm{t|x(t - 0) ^ x(i)} = 
= min{<|(a; o r d )(t - 0) ^ (x o T d )(f)} = mm{t\y(t - 0) ^ t/(t)}. 

■ 

Remark 4.5 Sp™' consists in these signals u G S f ( m ^ £/ia£ accept the 'initial 
time instant' to be 0. Items i), ii) of Theorem \4-4\ mean that the inputs and 
the states of f accept the initial time instant be and item Hi) of that theorem 
represents time invariance adapted to the situation when U is not closed to 
translations (any U C Sq that contains non-constant signals is not invariant 
to translations). 

The possibility of choosing as initial time instant simplifies a little the study 
of the asynchronous systems. 

5 Non- Anticipation, the Second Definition 

Definition 5.1 Let the system f : U -> P*(S^) be given, U G P^S^). It 
is called non- anticipatory if\/t G R, Vu G U, Vv G U, 

u K-oo,t) = v \{-oo,t) => i>i(-oo,t]N e /(«)} = {y|(-oo,t]|y e f(v)}. 

Remark 5.2 Definition \5. 1\ states that the history of all the possible states until 
the present moment, including the present depends only on the history of the 
input and it does not depend on the present and the future values of the input. 
The definition means that Vf G R a function ft exists that associates Vit G U to 
iti(_oo,t) the set 

/t(u|(-oo,t)) = {x\{-oo,t}\% 6 /(«)}■ 
Definition \5.1\ represents a perspective of non- anticipation, other than the 
previous one and the two properties are logically independent. 
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Example 5.3 The deterministic system / : S^" 1 ) — > S, 

VuG^ m ),/(n)= X[ o,i)©K ^)-X[i,oo) 



is non- anticipatory in the sense of Deftnition \5.1l The system f is anticipatory 
in the sense of Definition lff.il because for U\ — X[2,oo)j w 2 = ••• = u m = 
the contradiction min{£|u(i — 0) =^ u(i)} = 2 > = min{i|ir(i — 0) =/= x{t)} is 
obtained. 

Example 5.4 The deterministic system f : S — > S, 



Vug 5, /(«) = ( ^ "-*[°.«0 
|_ it, otherwise 



LOO) 1 



is anticipatory in the sense of Definition 15. il because for t = 1, u = X[o 

u = X[0,2) ™ e ^ awe M |(-oo,l) = «|(-oo,l) &ui 1 l(-oo,l] 7^ X[0,2) | ( _oo,i]' However U is 

non- anticipatory in the sense of Definition lS. R 



Example 5.5 The deterministic system f : S — > S* 



V«G 5, /(«) = { I ' i ^-X[°.«0 
(_ wot, otheru 



u o t~ , otherwise 
is anticipatory in the sense of both DeHnitions \3.1\ and \5.1 
Example 5.6 TTie deterministic system 



Dx(t) = {x(t - 0) © «(t - 0)) • (J £>u(£) 

fe(i-d,i) 

u, x G S 1 , d > is non- anticipatory in the sense of both Definitions I3.il I5.il 
TTie idea expressed by such an equation is: x switches (Dx(t) = 1 ) at these time 
instants when u has indicated the necessity of such a switch (x(t — 0)®u(t — 0) = 
1) ford time units (Wt-^t) * s ^ e constant function, with null derivative in the 
interval (t — d,t)). This equation models the delay circuit. 

6 Other Definitions of Non- Anticipation. Non- 
Anticipation* 

Definition 6.1 Let be the system f : U -> P*(S^), U <E P*(S^). It is 
called non- anticipatory if it satisfies one of the following conditions, called 
conditions of non- anticipation: 
i) Vt G R,Vu G U,Vv G U, 

u \(-oo,t) = V|(-oo,i) => {x(t)\x G f(u)} = {y{t)\y G /(«)}; 

Vi G R, Vu G L7, Vu G [/, 3d > 0, 

u\[t-d,t) = v\[t- d .t) => G /(u)} = {y(t)\y G /(«)}; 
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ui) vt e R, 3d > 0, Vu G U, Vv e u, 

u\[t-dd) = v\[t-d,t) {%(t)\x G /(it)} = g /(«)}; 

iuj 3d > 0,Vt G R,Vw g [/, W g [/, 

u |[t-d,t) = v \[t-d,t) => {x(t)\x G f(u)} = {y(t)\y G /(«)}; 
v) Vt G R,Vit G U,Vv G C/, 

u K-oo,t] = v \(-oo,t] => {x\(-oo,t]\x g /(«)} = {yi(-oo,t]|y g /(")}; 

wj Vi G R,Vu G f7,Vv G U, 

u\(-oo.t] = v\(-oo,t] => {x(t)\x G f(u)} = {y(t)\y G /(«)}; 
wij Vt G R, Vu G E7, Vt> G 17,3d, 3d', < d < d! and 

u\[t-d',t-d\ = v\ [t -d',t-d] => {x{t)\x G /(«)} = {y{t)\y G /(«)}; 
tiiiij Vi G R, 3d, 3d', < d < d' and Vu G U, Vv G U, 

u\[ t -d',t-d] = v\[t~d\t-d] => {x{t)\x g /(«)} = g JO)}; 

is;,) 3d, 3d', 0<d<d' andVte R, Vu G f/, Vu G 17, 

U|[t-d/,t-d] = «|[t-d',t-d] M*)! 35 G /(«)} = {u(i)|u G /(«)}. 

Theorem 6.2 If f : U -> is a deterministic system, then Definition \6.1\ v) 
and Definition \6.1\ vi) are equivalent. We have that Definition ] 5. 1\ and Definition 
\6.1\ i) are equivalent in this case too. 

Proof. We prove the first statement. Because v)=>vi) is obvious, we 
prove vi)=7*v). Let us suppose against all reason that v) is not true, i.e. 3t G 
R, 3m G U, 3v G £/,U|(-oo,t] = «|(-oo,t] and /(u)|(-oo,t] ^ /(w)|(-oo,t]- This 
means the existence of t' < t such that U|(-oo.i'] = v\{—oa,t'] an d f{ u ){t') 
f(v)(t'), contradiction with vi). ■ 

Remark 6.3 In Definition \6.U all of i),...,ix) express the same idea like Defini- 
tion \5.1l namely that the present depends on the past only and it is independent 
on the future. The implications are: 



iv) =>■ Hi) =>■ ii) =>■ i) De finition \5.1\ 

ix) =>■ viii) =>■ vii) =>■ vi) <= v) 

In ii),...,iv), vii),...,ix) the boundness of the memory occurs: these are sys- 
tems whose states do not depend on all the input segment iiu—go t)) but on the 
last d time units uu t _d,t) only and similarly for wk-qo^j and u\u_d' ,t-d]- 
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Now have a look at the non- anticipation property iv). We note that if d > 
is a number for which it is fulfilled, then any number d' > d fulfills it also: 
Vi G R,Vu G U,Vv e U, 

y>\[t-d',t) = v \[t-d',t) {x(t)\x G /(«)} = {y(t)\y G /(«)}. 

Ow problem is whether, for a system f , the set of those d satisfying implication 
iv) is bounded from below by some d" > 0, because we have a non- anticipation 
property 

Vt e R,Vu e U,Vv e U, 

u(t - 0) = v(t - 0) {x(t)\x G f(u)} = {y(t)\y G /(«)} 
afeo, like in the example 

u(t - 0) • x(t) = 

where u,x G 5. J/ t/iis lower bound exists, we obtain a new shading of that 
concept of non- anticipation. The problem of the existence of such bounds is, in 
principle, the same if d is variable like in ii), Hi) or if instead of one parameter 
d we have two parameters d,d' and two bounds, like in vii), viii), ix). 

Remark that the reasoning of Theorem \6.2\ is impossible to use if f is non- 
deterministic. We suppose, for this, that the system f : S — * P*(S) satisfies 
/(0) = {0,1}, /(X[ 2 ,oo)) = {X(_oo,Q))X[o,oo)}) where 0,1 G 5 are the constant 
functions. We have V£ G [0,2), 

0|(-ao,t] = X[2,oo)|(-oo,t] an d 

and {0|(_ OOit ] ) l|(_oo,t]} ^ {X(-oo,o)|(-oo,t])X[o,oo)|(-oo,i]} and 
and {x(t)\x e /(0)} = {0, 1} - {y(t)\y G /(x [2)0o) )}. 

Example 6.4 The system Id : S — » S called the 'pure delay model' of the delay 
circuit, defined by \/u G S, x(t) — Id{u){t) = u(t — d), satisfies for d > all the 
non- anticipation properties i),...,ix) from Definition \6.1\ 

Example 6.5 Let the system f : S —* P*(S) (version of the 'bounded delay 
model' of the delay circuit) be defined by the inequalities 

n «(o <*(*)< u 

£e[i-dr,t) £e[t-d/,i) 

where d r > 0,df > 0. It satisfies all the non- anticipation properties i),...,ix) 
from Definition \6.1\ 

Example 6.6 The system f : S — * P*(S) (version of the 'bounded delay model' 
of the delay circuit) described by the inequalities 

n <o<x(t)< y U (o, 

£e[t-d',t-d] ££[t-d' ,t-d\ 

where < d < d' satisfies the non- anticipation properties v),...,ix) from Defini- 
tion \6.1\ 
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Example 6.7 The system f : S — » P*(S) defined by 

Du < x(t) 



where 

t 



[ D u={ 



1, if \suppDu n (— oo, t] \ is odd 
0, if \suppDu n (—oo, t] | is even 



satisfies the non- anticipation properties v), vi) of DeHnition lKll We have de- 
noted by \suppDu n (— oo,t]| the number of elements of the finite set G 
R, Du(^) = 1} n (— oo, t] and we have supposed that is an even number. 



Example 6.8 Denote by ip : -> [0, oo) the function Vu <E S (m) , 
<p(u) 

7 7; i deterministic system 



0, if u is constant 

max{— min{i|u(i — 0) ^ u(i)}, mm{t\u(t — 0) ^ u(t)}}, if u is variable 



x(t) = f) u(0, 

£e[t-2y(u),t-y(«)] 

u,x £ S, satisfies the non- anticipation property vii) of Definition \6.i\ 

Definition 6.9 The system f is called non- anticipatory* if it satisfies one 
of the following conditions, called conditions of non- anticipation* : 
i) Vi € R,Vu G U,Vv G U, 

(u\[t,oo) = w|[t,«o anrf {^Wl 35 e f( u )} = {y(t)\y e /(«)}) 

=> {x|[ tj00 )|a; e /(«)} = {y\[ t ,oc)\y g /(«)}; 
ii; Vi eR,Vue E/,W g 17, 

u\[t,oo) = v \[t,oc) => 3t' G R, {a;|[ t / j0Q )|a; G /(«)} = {y\[t',oo)\y & /(«)}; 

izij Vi G R,Vw G f/,Vw G U, 

{u\[t,oo) = v \lt,oo) and {xK-oo^jla; G f(u)} = {y\(-oo,t]\y G /(«)}) 

3t' G R,{x| [t / i0O )|a; £ /(u)} = {j/|[t' j0O )|y G /(«)}■ 

Remark 6.10 We remark that property i) resembles somehow with fixing the 
initial conditions in a differential equation ({x(t)\x £ f(u)} = {y(t)\y G f(v)}). 
The consequence is that the solution is unique ({xiu j00 \\x £ f(u)} — {y\[t.oo)\y G 
f(v)}) under an arbitrary given input (ui[t <00 ) = V\u <00 \). 

The reader is invited to write other similar properties of non- anticipation 
and non- anticipation* . 
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7 The Transfers of the Non- Anticipatory Sys- 
tems 

Theorem 7.1 Let the system f satisfy the conditions: 

a) U is closed under 'concatenation' Vt G R, Vu G U, \fv G U, 

« • X(-oo,i) © w ' X[t,oo) G U; 

b) non- anticipation Vt G R, Vu G U, Vv G U, 

u \(-oo,t) = v \(-oo,t) => {%\(-oo,t]\x e f(u)} = {^K-octjIy G /(«)}; 

c) non- anticipation* Vt G R, Vu G L/, Vu G 17, 

(w|[t,oo) = u |[t,oo) and {x(t)\x G /(u)} = {y(t)\y G /(«)}) => 

{«|[t,oo)k g /(")} = {y|[*,oo)|y g /(«)}; 

time invariance Vrf G R, Vu G f7, 

it o r d G C/, 

Vx G f(u),xo r d G /(u o r d ); 
e) ti, t2 G R, it ,?/ 1 G 17 and fj,,fi , ,fi" G B" are given such that 

Vxef{u°),3t Q <t 1 ,x(t ) = ^ (3) 

Vz e /(«V(*i) = m', (4) 

Vz'e/V),^)^', (5) 

Vx'G/( M 1 ),3t 3 >t 2 ,x'(t 3 ) = A 1 ". (6) 
Put d = t\ — t2- Then u G f7 defined as 

u = u°- X(_oo,tO ® ° rrf ) ' X[ti,°o)> ( ? ) 

satisfies 

V2; G f(u),3to < ti,x(to) = fi, (8) 

VxG/(u),3t3>ti,x(t 3 )=M". (9) 

Proof, u belongs to [7 indeed, because of a) and d). We remark that we 
have 

"K-oo.tO =«j(_oo,t 1 )- ( 10 ) 

From ([TO]) and b) we infer 

{^K-oo.ti] |2 G = {arK-oo^j |x G /(u )} (11) 
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and if, in addition, we take into account ([3]), then we get the truth of ||5J) 
and of 

Vx e f(u),x(h) = //. (12) 

Let be now some arbitrary x" £ fiu 1 o r d ). From d) we obtain the existence 
of x' G fiu 1 ), such that x" = x' o r d (namely x' = x" o r~ d ) and we have 
x"(t\) = (x' o r d )(ti) = a/ (£2) = m' ( we bave taken into account (J5J) thus 

V.t" e /(u 1 oT d ),x"(ti) = // (13) 

and, similarly, 

Vx" ef(u 1 oT d ),3t' 3 >t 1 ,x"(t' 3 )=»". (14) 

We see that 

«|[ti,oo) = (w 1 °T d )\[ tl , 00 )- (15) 

The hypothesis of c) is fulfilled by t\, u and u 1 o r d , as follows from (TT2")) . p3[) 
and (fl~5)) . The conclusion of c) expresses the fact that 

{x { [t u oo)\x G /(5)} = {4 1)0o) |x" G /(h'ot^I (16) 

and, by (TI|). we get the truth of ©. ■ 

Remark 7.2 T/ie relations fjj), (0), 0) s/iou; </ie asynchronous access 

( weaker, the time instant when the access happens depends on x) of the states 
of f to the values p, p" and the relations W, {5|] represent the synchronous 
access (stronger, the time instant when the access happens is the same for all x; 
these two accesses must match) of the states of f to the value p! . The theorem 
states that if f(u°) transfers p in p! and fiu 1 ) transfers pi in p", then fiu) 
transfers p in p" . 

Several versions of this theorem are obtained if we take ti = t% ( then time in- 
variance disappears from the hypothesis ), if we have in the hypothesis countable 
many transfers (instead of two; these transfers must have synchronous accesses), 
if we state in the hypothesis a controllability / accessibility request etc. 

8 The Fundamental Mode 

Definition 8.1 Consider the system f supposed to be non- anticipatory (Defi- 
nition [57l]) and let u £ U be a fixed input. If there are (tk) G Seq, (u ) £ U and 
ip k ) G B™ such that 

Vx G f(u°), ^|(-oo,t ) = M° and x \[ti,°°) = i" 1 ' 

U\(-oo,ti) = "K-oo.ti)) U l(-oo,t 2 ) = u \(-oo,t 2 )> U |(-oo,t 3 ) = u f(-oo,t 3 )> ■■■ 

Va; e /(u 1 ), £|[ t2)0 o) = p 2 , Vz S fiu 2 ), af|[ ia)00 ) = M 3 , S /(w 3 ), af|[f 4l0O ) = /A ■■■ 
t/ien </ie mpiff u is called a fundamental (operating) mode (of f). 
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Remark 8.2 The evolution of f under the fundamental mode u may be inter- 
preted as the discrete time evolution of a deterministic system of the form 

/i° = x(0) £ /i 1 = x(l) £ ... £ M fc+1 = x(fc + 1) ... 

To be remarked the appearance of the next state partial function Vfc G N, B" x 
U 3 (/J, k ,u k ) -> n k+1 6 B™. 7/3fc 6 N such that u k = u k+1 = ... and /i fc+1 = 
H k+2 = i/ien i/ie evolution may be considered to be given by a finite sequence 

H° = x(0) £ fi 1 = x(l) ^ ... £ fi k+1 = x(fc + 1). 

Example 8.3 W^e get ftacfc to the system f from the Example 1 6. 51 that fulfills 
the non- anticipation property from Definition \5.1\ We suppose that the sequence 
(tk) G Seq satisfies Vfc 6 N, 

^2fc+l > ^2fc + dr, ^2fc+2 > ^2fc+l + ^/ 

and fei oe the sequences (u k ) G S, (/j, k ) G B, 

«°(*) =X[to,oo)(*)»« a (*) =X[ t0 , tl )(*)©X[ t2 ,oo)(*), 

u 4 (t) = XltctoW © X[t 2 ,t 3 )(i) © X[t4,oo)(*). - 
« X (<) =X[to,ti)(*).« 3 (*) = X[t 0>tl )(*)© X[t 2 ,t 3 ) Wi- 
lli = = /z 4 = ... = O,^ 1 = A^ 3 = M 5 = ■■• = 1- 

For 

«(*) = X[t ,tl)(*) © X[ta,t3)(*) © X[U,*5)( t ) © - 

we Ziawe 

Vx G f(u°),x(t) =aj(t)-X(t ai t„+ < i r )(*)©X[to+d r ,oo)(*). 

Vx G /(V ),x(f) = x(f) • X( t0)tD+dr .)(*) © X[to+dr,tl]W © X W ' X^l.tl+d/jWi 

Vx G f{u 2 ),x{t) = x{t)- X(t0 , t0+dr) {t)®X[t a + dr ,t 1 ]i t )®< t ) ■ X {tl , tl +d f )(t)® 

®x(t) ■ X(t 2 ,t 2 +d r )(t) © X[t 2 +d r , oc) (*)> 
Vx G /(u 3 ),x(t) = x(i) •X(t ,to+*.)( i ) ©X[t 0+( j r ,tx](*) ©*(<) ' X( tl ,t 1+(i/ )(«)© 
' X(i 2 ,t 2 +d r )(*) © X[t 2 +d r ,t 3 ](*) © • X(t 3 ,t 3 +d/) (*) 

W^e conclude that u is a fundamental mode of f : 

Vx G /(it ), a;|(_ OOit0 ) = and x\ [tuoa) = 1, 

M|(-oo,ti) = u |(-oo,t 1 )) M |(-oo,t 2 ) = M K-oo,t 2 )' U |(-oo,t 3 ) = u f(-oo,t 3 )' •■■ 

Vx G /(it 1 ),^^ = 0, Vx G /(m 2 ),X| [43!0o) = 1, Vx G f(u 3 ),x\ [tii0a ) = 0, ... 
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9 Accessibility vs fundamental mode 

Theorem 9.1 Let be the non- anticipatory system (Definition \5.1\) f : U — > 

and we suppose that the following requirements are 

fulfilled: 

a) for any (t k ) G Seq and any (u k ) G U, we have u° ■ X(-oo,t ) © u * ' X[t ,ti) © 

u 2 ■ x [tut2 ) ® - ec/; 

b) f has race-free initial states and bounded initial time, i.e. 

Vw G U, 3fi € B™, 3t 6 R,Vs 6 f( u )> x \(-oo,t) = Mi 

c) any vector from B" is i/ie common final value of the states under an input 
having arbitrary initial segment 

Vm e B n ,Vu e u, Vt e R, 3« e {/, 3t' > t, 

u |(-oo,t) = "|(-oo,t) G /(«), y|[ t ',oo) = M- 

Then there is some /i° G B™ sucft £/ia£ /or any sequence fi k G B",fc > 1 of 
binary vectors, there are the sequences (tk) G Seq, u k G U, k G N and an input 
u E U such that 

Vx G f(u°), a^K-oo.to) = M° a ™d ^[ti.ao) = m\ 

«|(-0O,t0 =U |(-00,t 1 )! «|(-0O,t2) = M |(-00,i 2 )l "|(-0O,t 3 ) = U \( - OO ,t 3 ) > ' ' ' 

G /(u 1 ), X|[ t2 ,oo) = M 2 , G f{u 2 ), af|[ i3)00 ) = M 3 , G /(n 3 ), X| [t4j0o) = //, ... 

Proof. Let w° G J7 be an arbitrary input. From b) we get the existence of 
fi° g B" and to G R depending on v°, such that 

Va;€ /(A *!(-«,,*,) = /*°- (17) 

Let us fix the sequence [i k G B™, k > 1 and an arbitrary number (5 > 0. At this 
moment the property c) implies the existence of u° G U and t\ > to + S such 
that 

V< \(-ooA ) = U K-oo,t ) and Vs € /(A X|[ tl ,oo) = /A 

of n 1 G £/ and £2 > ti + <5 such that 

u K-oo,ti) = u l(-oo,«i) and Va; e ^11*2,00) = M 2 , 

of u 2 G U and *3 > *2 + <5 such that 

U |(-oo : t 2 ) = U f(-oo,t 2 ) ^ X G /(A ^11*3,00) = /A 

The way that was constructed guarantees the fact that this sequence 
belongs to Seq. Thus, by a), the input u defined as 

u = u° ■ X(-oo,ix) © ul ■ X[ tl ,t 2 ) © u 2 ■ X[t 2 ,t 3 ) © ■■■ 
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belongs to U. We have 



it 



|(-oo,ti) 



— U |(-oo,ti)' M |(-oo,t 2 ) — u |(-oo,t 2 )' M |(-oo,t 3 ) 



(-oo,t 3 )- 



Remark 9.2 The request b) of the theorem, that the initial states [i are race- 
free and the initial time t is bounded shows the order of the four quantifiers 
Vu,3/j.,3t,Vx, that is the two existential quantifiers are in the middle (the total 
number of possibilities is 3 x 3 = 9). 

The key request in the hypothesis of the theorem is however that of con- 
trollability and accessibility from item c). We make the terminological remark 
that due to the frequent confusion that exists in the literature generated by the 
concepts of controllability and accessibility, we prefer to call all such requests 
'accessibility '. 

The theorem states that, in certain conditions (which are fulfilled by the 
system f from Examvle \6.5\ and by many other systems), the initial state /i° 
exists such that for any sequence G B", k > 1, the fundamental mode «£(/ 
exists, making f(u) access the values /u P, fjr, jj, , ... synchronously, in this order. 
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